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ABSTRACT

Open answer set programming combines the strengths ofpogric
gramming (a rule-based presentation and a nonmonotoniarsem
tics) and description logics (open domains). Reasoninguad
open answer set semantics is undecidable in general, bidbdéde

ity can be obtained for particular classes of logic prograeng.,
for bound guarded programs. In this paper, we show how boun
guarded programs are expressive enough to simulate daitisfia
checking in a DL withn-ary roles and nominals, yieldingxp-

TIME-completeness for both the DL reasoning and the reasoning
with bound guarded programs under the open answer set seman-

tics. We establish decidability of three query problems(gicon-

tainment, consistency, and disjointness) doardedqueries by a
reduction to bound guarded programs, resulting iE@RTIME up-

per bound.

Categories and Subject Descriptors

1.2.3 [Artificial Intelligence ]: Deduction and Theorem Proving—
Logic Programming 1.2.4 [Artificial Intelligence]: Knowledge
Representation Formalisms and Methods

General Terms
Theory
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1. INTRODUCTION

Open answer set programming (OASP) [19, 17] combines the

logic programming and first-order logic paradigms. Fromftire
mer it inherits a rule-based presentation and a nhonmorots
mantics by means of negation as failure. In contrast withausu
logic programming semantics, see, e.g., the answer setnsiesna
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[12], OASP allows for domains consisting of other objectanth

those present in the logic program at hand. Such open doragns

inspired by first-order logic based languages such as géiscri

logics (DLs) [2] and make OASP a viable candidate for coneaipt

reasoning. Due to their rule-based presentation and thpppast

for nonmonotonic reasoning and open domains, OASP can loe use
g to reason with both rule-based and conceptual knowledgden t

Semantic Web, as illustrated in [19].

Take, for example, a logic program

p(X)
q(a)

In normal answer set programming, one grounds the prograim wi
the program’s constants, resulting in

— not q(X)

«—

— notq(a)
—

p(a)
q(a)

and the unique answer sgf(a)}. One concludes that is not
satisfiable as there is no answer set containingagom. How-
ever, considering(X) < not ¢(X) as a schema constraint and
q(a) < as particular instance data, a knowledge engineer may want
to check whether the first rule makes sense, i.e. pdaa satisfied,
independently of other instance data? To avoid that theneegi

has to add alsignificantconstants, the open answer set semantics
allows foropen domainsE.g., auniverselU = {a, 2} wherez is a

new anonymous element. Grounding the example programiith
gives the program

— not q(x)
— not q(a)

«—

which has an answer séf(a), p(xz)}. An open answer seif the
program is(U, {q(a), p(x)} wherep is now satisfiable.

Formally, an open answer setin, e.g., [17] is a p&irM ) where
theuniverseU is a non-empty superset of the program’s constants
andM is the answer set of the program grounded WwithT his def-
inition takes on ainiqgue name assumptipre., different constants
are different element in the universe. As DL-based langsiageh
as OWL DL [3] do not have such an assumption, we mend in this
paper the definition of universes. A universe becomes & pgio)



where D is an arbitrary non-empty domain aedmaps the con-
stants from the program to elements frdn This obliterates the
unigue name assumption from the original definitioncas# c;
does not need to imply that(c1) # o(c2). Although we extend
the definition of universe for compatibility with current i8antic
Web ontology languages, note that the discussion on whéteer
unigue name assumption is good or bad is far from settled, see
e.g., [8]-

The main challenge for OASP is to control undecidability of
satisfiability checking, a challenge it shares with DL-lzh$an-
guages. In [17], we identify a decidable class of programos, s
called guarded programsfor which decidability of satisfiability
checking was obtained by a translation to guarded fixed pagit
[14]. In this paper, we show the expressiveness of such gdard
programs by simulating a DL with-ary roles and nominals. In
particular, we extend the DDLR [6] with both concept nominals
{0} androle nominals{(o1,...,0n)}, resulting NDLRO. Due
to the expressiveness BILR one is able to simulate role nomi-
nals using concept nominals such that the former are jusastia
sugar. The DLDLRQO with the number restrictions left out yields
DLRO-S),

We translate satisfiability checking BfLRO~{=} concept ex-
pressions w.rtDLRO~{<} knowledge bases to satisfiability of
predicates w.r.t.boundguarded programs. Since the latter is in
EXPTIME [18] and the former i€XPTIME-hard, we deducexp-
TIME-completeness both for reasoning Wit RO~ {=} and with
bound guarded programs. Previous simulations of DLs wigficlo
programs under the open answer set semantics, e.g., [16ad0]
sidered only DLs with binary roles. Guarded programs allow f
n-ary predicates and constants appearing arbitrarily givout the
program. As such they enable the simulation of DLs witlary
roles and nominals, further dissolving the boundaries betwDLs
and logic programming. A current disadvantage of guarded pr
grams is their inability of expressing number restrictiagds pos-
sible withDLR. TranslatingDLR number restrictions yields pro-
grams that are not guarded, hence our restrictid@£R O~ {7,

We examine query problems such @gery containmentcon-
sistency anddisjointnessn the context ofDLRO~{=} schemas.
We definegguardedqueries and show that the above query problems
overDLRO =} schemas can be reduced to satisfiability check-
ing w.r.t. bound guarded programs. In [7], query containiment.

defined as usual. Ateral is an atonp(t ) or anaf-atomnot p(t ).t
Thepositive partof a set of literalsvisa™ = {p(t) | p(t) € a}
and thenegative partof o is o= = {p({’) | not p(f ) € a}.
We assume the existence of binary predicateand #, where
t = s is considered as an atom and# s asnot t = s. E.g.,
fora = {X # Y,Y = Z}, we havea™ = {Y = Z} and
a~ = {X =Y}. Aregularatom is an atom that is not an equality
atom. For a seX of atoms,not X = {notl |l € X}.

A programis a countable set of rules — 3, wherea and 3
are finite sets of literalgnt| < 1, andvt,s -t = s € a¥, i.e,,
« contains at most one positive atom and this atom cannot be an
equality aton?. The seta is theheadof the rule and represents a
disjunction of literals, while3 is called thebodyand represents a
conjunction of literals. lfa = @, the rule is called @onstraint
Free rulesare rules of the formy(#') V not ¢(f') « for a tuple
i of terms; they enable a choice for the inclusion of atoms. We
call a predicate free if there is a free rulg(f) V not p(t) «.
Atoms, literals, rules, and programs that do not contaimatdes
areground

For a literal, rule, or program, let cts(o) be the constants in,
vars(o) its variables, angireds (o) its predicates. AiniverselJ for
a programP is a pair(D, o) whereD is a non-emptydomainand
o : cts(P) — D is a function that maps all constants to elements
from D.2 We call Py the ground program obtained frof by
substituting every variable iR by every possible element froi
and every constantby o(c). E.g., foraruler : p(X) — f(X,c¢)
andU = ({z,y}, o) whereo(c) = z, we have that the grounding
w.rt. U is

p(x) «— flz,x)
p(y) «— f(y,)

Let Bp be the set of regular atoms that can be formed from a
ground progranP.

An interpretation I of a groundP is any subset o8p. For a
ground regular atorp(t ), we write I = p(t ) if p(t') € I; for
an equality atomp(# ) = t = s, we havel = p(f) if s andt are
equal terms. We havé |= not p(t ) if I £ p(f'). For a set of
ground literalsX, I = X if I |= [ for everyl € X. A ground rule
r: a « [ issatisfiedw.r.t. I, denoted! |= r, if I = [ for some
I € o wheneverl = 3. Consequently, a ground constrairt (3
is satisfied w.r.t1 if I £ 3. For a ground progran® without not,

DLR schemas is studied, demonstrating that query containmentan interpretatiorf of P is amodelof P if I satisfies every rule in

is undecidable in the general case where inequality is alibim
queries. The results presented in this paper show that onellosv
for inequality in queries and still have decidability, pided the
queries are guarded. In particular, query containment guitirded
queries oveD LR O~ {=} schemas is iEXPTIME.

The remainder of the paper starts with an introduction tahope

P; itis ananswer sebf P if it is a subset minimal model aoP.
For ground program# containingnot, the GL-reduct[12] w.r.t. T
is defined as?!, whereP! containsat — 3% fora — 3in P,
I Enot 8~ andl = o~ . I is ananswer sebf a groundP if I is
an answer set aP”.

In the following, a program is assumed to be a finite set ofssule

answer set programming in Section 2. Section 3 extends the DL infinite programs only appear as byproducts of grounding itefin

DLR with nominals and leaves out number restrictions, reggiltin
in DLRO =} and Section 4 defines a reductiorf RO~ (<}

to bound guarded programs. In Section 5, we discuss threy que
problems and reduce them to satisfiability checking w.rdgurial
guarded programs. Finally, Section 6 points to related walle
conclude with directions for future research in Section 7.

2. DECIDABLE OPEN ANSWER SET PRO-

GRAMMING

We introduce the open answer set semantics from [17], but mod
ify it such that it does not take on a unique nhame assumption fo
constants by defaultConstants variables terms and atomsare

program with an infinite universe. Aspen interpretatiorof a pro-
gramP is a pair(U, M) whereU is a universe fo® and M is an
interpretation ofP;. An open answer saif P is an open interpre-
tation (U, M) of P with M an answer set aP;. An n-ary predi-
catep in P is satisfiableif there is an open answer sgtD, o), M)
of P and aZ € D" such thap(z) € M.

We have no classical negatien however, programs with: can
be reduced to programs without it, see e.qg. [24].

2The condition|a™| < 1 makes the GL-reduct non-disjunctive,
ensuring that thenmediate consequence operai®mvell-defined,
see [17].

3A universe in [17] is a domaitD that is a non-empty superset of
the constants itP. This corresponds to a domaj®, o) whereo

is the identity function orD.



Satisfiability checking w.r.t. the open answer set semariic
undecidable in general. In [17], we identify a syntactigak-
stricted fragment of programs, so-callgdarded programsfor
which satisfiability checking is decidable and obtained lgduc-
tion to guarded fixed point logic [14]. Although the reductim

[17] assumes an open answer set semantics with a uniqgue name

assumption, it can be easily modified to fit the more geneffatide
tion of universe we introduce in this section: leave out tharded
fixed point logic formulas that ensure that different contteare
interpreted as different elements. The decidability ofrdad pro-
grams relies on the presence of an atom in each rule thatiesnta
all variables of the rule, thguard of the rule. Formally, a rule
r : a « B3 is guardedif there is an atomy, € S+ such that
vars(r) C vars(ys); we cally, aguard of . A programP is a
guarded program (GPif every non-free rule irP is guarded. E.g.,
arulea(X,Y) <« not f(X,Y) is not guarded, but(X,Y) «—
g9(X,Y),not f(X,Y) is guarded with guard(X,Y"). Satisfiabil-
ity checking of predicates w.r.t. guarded programs underofien
answer set semantics isEXPTIME-complete — a result that stems
from the corresponding complexity in guarded fixed poinidog
Define thewidth of a fixed point logic formula) as the maxi-
mal number of free variables in its subformulas [13]. We defin
boundprograms by looking at their corresponding first order form
and the arity of its predicates. A prograkhis boundif every for-
mula insat(P) is of bounded width and the predicatesArhave
a bounded arity, whereat(P) is the first order form ofP, i.e.,
Aviaepep VX - B = a, whereX are the variables in andnot
is replaced by-. In [18], we introduce thosbound guarded pro-
gramsand show that satisfiability checkingéxpTIME-complete.
Note that the programs in [18] includgneralized literalsnaking
them more expressive than the programs we consider in therpa

TheexpPTIME-completeness for bound guarded programs with gen-

eralized literals yields aBxPTIME upper bound for bound guarded

programs, buexpTIME-hardness cannot be deduced directly (since

the reduction in [18] uses generalized literals). In thetsextion
however, we shovexpPTIME-hardness for bound GPs without gen-
eralized literals as well.

We do not have a unique name assumption, i.e., it may be that

c1 # co for constantse; andc; but thato(ci1) = o(cz) for a

universe(D, o). We can nonetheless impose the unique name as-

sumption by adding; # c2 to the program for any pair of different
constants. Such an addition is a quadratic transformatitimei size
of the original program and if the original program is a bousie,
the transformed one will be too.

3. EXTENDING DLR WITH CONCEPT
AND ROLE NOMINALS

The DL DLR [6, 2] is a DL that supports-ary roles, instead
of the usual binary ones. We introdufeCR as in [2]. The basic
building blocks inDLR areconcept namegl andrelation names
P whereP denotes arbitrarg-ary relations fo2 < n < nmq, and
nmaz IS @ given finite nonnegative integer. Role expressidrend
concept expression§' can be formed according to the following
syntax rules:

R— T, |P|($i/n:C)|-R|RiMNRy
C—Ti|A|=C|CiNCy | ISR | <K[SIR

where we assumids betweerl andn in ($i/n : C'), and similarly
in 3[${|R and < k[$:]R if R is ann-ary relation. Moreover, we
assume that the above constructs are well-typed, Bg Ro
is defined only for relations of the same arity. The semardfcs
DLR is given by interpretationg = (A, -7) whereA” is a non-

empty set, thedomain and-Z is an interpretation function such
thatC* C AT, R* C (AT)™ for ann-ary relationR, and the
following conditions are satisfied®, R, Ry, and R, have arity
n):
PrC T
(-R)T = TL\R?
(R1MRy)” =R NRE
($i/n: OV ={(dr,...,dn) € T | d; € CF}
T =47
AT C AT
(_‘C)I _ AI\CI
(Cine)f =cincy
(3$iR)" = {d e AT | 3(d,...,dn) € RT -d; = d}
(<k[$R)" ={d e AT | |{(d1,...,dn) € RT | di = d}| < k}
Note that inDLR the negation of role expressions is defined w.r.t.
TZ instead of w.r.t.(A%)". A DLR knowledge base consists of
terminological axioms and role axioms defining subseti@iatbe-
tween concept expressions and role expressions (of the adty)e
respectively. A terminological axioriy C C. is satisfiedby Z iff
Ct C C%. Arole axiomR,; C R is satisfiedoy 7 iff RT C RZ.
An interpretation is anodelof a knowledge base if all axioms are
satisfied by the interpretation. A concept expresgiors satisfi-
able w.r.t. a knowledge baseif there is a model of X such that
CcT #£0.
We extendD LR with nominals{o} and{(o1, . ..
the resulting DLDLRO:
R—->T,|P|@i/n:C)| R|RiMR2|{(01,...,0n)}
C—T1]|A|-C|CiNCy | J%R | <k[$:R | {o}

,on)} and call

We distinguish betweeronceptnominals{o} and (-ary) role
nominals{(o1,...,0n)} for n > 1. The former are concept ex-
pressions while the latter are role expressions. We irgegamcept
nominals as singleton subsetsAf and role nominals as single-
ton subsets of Z. The definition of an interpretatidhis extended
such that for any in some nominab” € AZ, i.e.,Z mapsb to

an element in the domain. The semantics of nominals is then as
follows:

{o}" ={o"} c AT
{(o1,...,00)} ={(o1,...,00) = {o1}* x ... x {on}?)

Although nominals are interpreted as singleton sets, oneusa
them to express sets ofamed individuals/tupleby using other
constructs, e.g{o1,02} = {01} U {o2}.

Define aCartesian productole expressiorC; x ... x C,, for
concept expressiors, . . . , C, with the following semantics:

(Clx...xC’n)IEC’fx...xC’f,

whereZ is an interpretation and the on the right hand side is the
usual Cartesian products of sets. Cartesian product rplessions
do not add extra expressivenesdx@R as they can be rewritten in
terms of DLR constructs only. For every interpretatidnone has

(Cyx...xC)E=($1/n:C)M...N($n/n: Cu))* .

Since the interpretation of role nominals can be seen astastan
product of the interpretation of concept nominals, role imais do



not add any expressive power eith¢fo, ..., 0,)} is equivalent
with (31/n: {o1}) M... M ($n/n : {on}).

THEOREM 1. LetZ be an interpretation. Then,

{(o1,...,0) Y = (($1/n: {a})M...11(Sn/n: {o.}))* .

PrROOF Immediate by the definition of role nominals and the
above remark on cardinality product role expressiorsl

As the rewriting in Theorem 1 is linear, we can restrict olusgin
the remainder of the paper to concept nominals only.

We denote the fragment @LRO without the number restric-
tion < k[$i]R asDLRO (=} As DLRO{=} is an extension
of the DL.ALC and satisfiability checking ol LC concept expres-
sions w.r.t. ACC knowledge bases isxPTIME-complete [2], we
have that satisfiability checking @£RO~{=} concept expres-
sions w.r.tDLRO =} knowledge bases isxPTIME-hard.

4. SIMULATING DLRO =} WITHBOUND
GUARDED PROGRAMS

Consider a knowledge basdewhereL and M are concepts and
t is a ternary role such that, intuitively, y, z) is in the interpre-
tation oft if z is a parent ofy which in turn is a parent of. We
interpret as the concept indicating thecal people of the village
M.

L T Mn3I$s)(tn($1/3: M)N($2/3: M)).

The axiom expresses that local people livédnand have a parent
and grandparent that live ib/.
We translate the axiom as a constréint

— LX),
not (M M3[$3)(t 1 ($1/3 : M) M ($2/3 : M)))(X)

Intuitively, we associate with the concept expressions itimee
side of C in an axiom a new predicate name. We conveniently
denote this new predicate like the corresponding concemtesx
sion. The constraints simulate the behavior of the axiofn&(4)
holds and M M 3[$3](t M ($1/8 : M)N ($2/3 : M)))(z) does
not, we have a contradiction. This corresponds to the DL\ieha
of the corresponding axiom: if € L” andz ¢ (M 1 3[$3](t M
($1/3 : M)N($2/3 : M)))*, we have a contradiction as the axiom
requires that.” C (M M 3[$3](t M ($1/3 : M) M ($2/3 : M)))*
for modelsZ.

After translating the axiom as a constraint, it remains tfinge
the newly introduced predicates according to the DL serosnié/e
defineL, M, andt as free predicates:

L(X) V not L(X)
M(X) V not M(X)
t(X,Y, Z) V not t(X,Y, Z)

«—
«—

«—

Intuitively, the DL semantics gives aspen(first-order) interpre-
tation to its concept names and role names: a (tuple of) domai
element(s) is either in the interpretation of a conceptejrolame
or not. Note that is a ternary role name, so we introduce it as a
ternary predicate.

We add for the special concept name and T3 the following
free rules

T1(X) V not T1(X)
T3(X,Y,Z) Vnot Ts(X,Y, Z)

«—

«—

We did not introduce a rule fof 2 since the example knowledge
base does not contain binary roles. We ensuretthat TZ by a
constraint

— t(X,Y,Z),not T3(X,Y, Z)

which is guarded by(X,Y, Z). To ensure thal 7 = A%, we
add the constraint

— T1(X)

For rules containing only one variable we can always asshate t
X = X isiin the body and acts as the guard of the rule.

The predicat¢ M M 3[$3])(t 1 ($1/3 : M)N($2/3 : M))) can
be defined by the rule

(M M 3[$3)(6 1 ($1/3 - M) 1 ($2/3 : M)))(X) — M(X),
3$3)(t M ($1/3 : M) 1 ($2/3 : M))(X)

Intuitively, if (M M 3[$3])(t 1 ($1/3: M)N($2/38 : M)))(x)is
in an open answer set, then, by minimality of open answer, sets
M (z)and3[$3](tM($1/3 : M) ($2/3 : M))(x) have tobe inthe
open answer set. Vice versaif (z) and3[$3](t M ($1/3 : M) N
($2/3 : M))(=) are in the open answer set, thel M 3[$3](t M
($1/3 : M) ($2/3 : M))(x) has to be as well since the rules
must be satisfied. This corresponds exactly to the DL sensafur
concept conjunction.

We define the predicate[$3](t 1 ($1/3 : M) M ($2/3 : M))
by the rule

3[$3)(6 M1 ($1/3 - M) 1 ($2/3 : M))(Z) —
(611 ($1/3 : M) ($2/3 : M))(X,Y, Z)

such thaB[$3](tM($1/3 : M) ($2/3 : M))(z) holds in an open
answer set iff there are someandy such that(t 1 ($1/3 : M) N
($2/3 : M))(z,y,z) holds. The ternary predicate N ($1/3 :

M) ($2/3 : M)) represents a conjunction and is defined by the
rule

(61 ($1/3: M) ($2/3 : M))(X,Y, Z) — t(X,Y, Z),
($1/3 : M)(X,Y, Z), ($2/3 : M)(X,Y, Z)

Finally, we define the predicat¢$1/3 : M) and($2/3 : M) as
follows:

($1/3: M)(X,Y,Z) «— T3(X,Y,2),M(X
($2/3: M)(X,Y,Z) «— T3(X,Y,Z),M(Y

Both rules are guarded bys(X,Y,Z). ($1/3 : M)(z,y, 2)
holds in an open answer set iffs(x, y, z) holds andM (x) holds
which corresponds to the definition @f, v, 2) € ($1/3 : M)” for
an interpretatiory .

We define the formal translation fromMCR O~ (<} satisfiability
checking to satisfiability checking w.r.t. bound GPs using mo-
tion of closure Define theclosure clos(C, ¥) of a DLRO~{=}
concept expressiofi and aDLRO~ =} knowledge bask as the
smallest set satisfying the following conditions:

NN

—~—

o C € clos(C,Y),
e T1 € clos(C,Y),

e for eachC' C D an axiom inX (role or terminological),
{C, D} C clos(C, %),

*We assume that a logic program may contain predicate names

starting with a capital letter; this should not lead to candn with
variables, which appear only as arguments of predicates.

e for everyD in clos(C, X), clos(C, X) should contain every
subformula that is a concept expression or a role expression



o if clos(C,X) containsn-ary relation names, it must contain
Th.

Formally, we defined(C, X) to be the following bound GP, ob-
tained from theDLRO~{=} knowledge bas& and the concept
expressiorC:

e For each terminological axio®® C D € X, add the con-

straint
— C(X),not D(X) 1)

e For each role axionR C S € ¥ whereR andS aren-ary,
add the constraint

—R(X1,...,X,),n0t S(X1,...,X,) 2
e ForeachT, € clos(C,X), add the free rule
To(X1,..., Xn) Vot To(X1,...,X,) —  (3)

Furthermore, for each-ary relation namé € clos(C, Y),
we add the constraint

<_P(Xl7«--7Xn)7n0t T7L(X17"'7X7l) (4)
Intuitively, the latter rule ensures thBZ C TZ. We add a
constraint

— not T1(X) (5)

which enforces that for every elemenin the universe 1 (z)

is true in the open answer set. The latter rule ensures tha

TZ = A7 for the corresponding interpretation. The rule can
be guarded withX = X.

— if D = ENF for n-ary role expressionk andF, add

D(Xl, e ,Xn) — E(Xl, e ,)(»,J,F()(H7 e ,Xn)
(12)
—if D= ($i/n:C),add
D(Xl,...,Xi,...,Xn) —
Ta(X1,.o o, Xiyo o0, X0),C(X5)  (13)

—if D = 3[$iR, add

D(X) — R(X1,..4,Xi717X,XZ‘+17.. .,Xn)
(14)

THEOREM 2. LetX be aDLRO 1=} knowledge base and
aDLRO~ =} concept expression. Theh(C, ¥) is a bound GP,
with a size that is polynomial in the size@fand X.

PROOF Observing the rules i (C, %), it is clear that this pro-
gram is a GP. Furthermore, every rule contains at mgst. vari-
ables which is also the bound for the arity of the predicateh s
that®(C, X) is a bound GP.

The size ofclos(C,X) is linear inC andX. The size of the
GP®(C, X)) is polynomial in the size oflos(C, X)® such that the
result follows. O

THEOREM 3. ADLRO =} concept expressio@ is satisfi-
able w.r.t. aDLRO~{=} knowledge basg iff the predicateC is
satisfiable w.r.t®(C, X).

PrRoOOF For the “only if” direction, assume the concept expres-
sionC is satisfiable w.r.tZ, i.e., there exists a modél= (AT, .%)
with C% # (). We construct the open answer @, o), M) with

o Next, we distinguish between the types of concept and role {7 = AZ, o(0) = o%, and

expressions that appeardfvs(C, X). ForD € clos(C, X):
— if D is a concept nomindlo}, add
D(o) — (6)

This will ensure thafo}(z) holds in an open answer
setiffz = o(0), corresponding tdo}* = {z} for an
interpretatiorz.

— if D is a concept hame, add

D(X) V not D(X) « @)
— if D is ann-ary relation name, add
D(X1,...,X,)VnotD(X1,...,X,) — (8)
— if D = —F for a concept expressiafi, add
D(X) « not E(X) 9)

Note that we can assume that such a rule is guarded by

X =X.
— if D = =R for ann-ary role expressiolR, add

D(X1,...,Xn) —

To(X1,..., Xn),not R(X1,...,Xn) (10)

Note that if negation was defined w.r.t. &%)™ in-
stead of TZ, we would not be able to write the above
as a guarded rule.

— if D = E N F for concept expressions and F', add
D(X) — BE(X),F(X) (1)

M ={C(z) |z € C*,C € clos(C, %)}
U{R(z1,...,2n) | (z1,...,2,) € RT, R € clos(C, %)}

with C' and R concept expressions and role expressions respec-

tively.
We have that(U, ), M) is an open answer set &fC, ) that
satisfies”"

1. SinceCT # () there clearly is an: € U such thaiC(z) €
M.

2. One can check that/ is a minimal model of>(C, %)y, -

For the “if” direction, assumé(U, o), M) is an open answer
set of ®(C, ) with C(u) € M. Define an interpretatiof =
(AT, D), with AT = U, AT = {¢ | A(z) € M} for concept
namesd, R = {(z1,...,z,) | R(z1,...,2,) € M} for n-ary
role nameR ando” = (o), for o € cts(®(C, X)).

One can show that € D” iff D(x) € M for a concept expres-
sionD and(z1,...,r,) € RY iff R(z1,...,2,) € M, for an
n-ary role expressiolR..

The size of®(C, ) is polynomial in the size oflos(C, X) pro-
vided the size ofC and ¥ increases such that thein an added
n-ary role expression is polynomial in the size of the maxiaral
ity of role expressions il andX. Although the size of” and
Y. increases linearly upon adding a relation ndrogvith arity 27,
wheren is the maximal arity of relation namesdand, the size
of ®(C, X) increases exponentially: one needs to add, e.g., rules

Tzn(X1,...,X2n)\/n0t Tgn(Xl,...,in) —



One can check th&t satisfies every terminological axiom; C
D as well as every role axiom.

It remains to check tha®” is not empty. We have tha (u) €
MI and we know that this is only possible, by the abovey iE
ct. O

In the above, we considered the fragm®ERO~{=} of DLRO
without the expressions. k[$:]R since such expressions cannot
be simulated with guarded programs. E.g., consider theeginc
expressior< 1[$1]R whereR is a binary role. One can simulate
the < by negation as failure:

< 1[$1]R(X) + not q(X)

for some new; with ¢ defined such that there are at least 2 different
R-successors:

q(X) — R(X, Y1), R(X,Y2),Y1 # Y2

However, the latter rule is not a guarded rule — there is nmato
that containsX, Y3, andY>. So, in general, expressing number
restrictions such as k[$:]R is out of reach for guarded programs.

Since satisfiability checking w.r.t. bound GPs iSERPTIME,
Theorems 2 and 3 ensure that satisfiability checkir 6RO~ <}
concept expressions w.rRLRO 1=} knowledge bases is ix-
PTIME. Together with theexPTIME-hardnessDLRO 1=} sat-
isfiability checking w.r.t. DLRO~{=} knowledge bases isxp-
TIME-complete.

THEOREM 4. Satisfiability checking sP£LRO~{=} concepts
w.rt. DLRO 1=} knowledge bases isxPTIME-complete.

From [18], we know that satisfiability checking of predicate
w.r.t. bound GPs is irExpTIME. From Theorems 3 and 4, we
have that reasoning sxPTIME-hard.

THEOREM 5. Satisfiability checking of predicates w.r.t. bound
GPs isEXPTIME-complete.

5. QUERY PROBLEMS OVER DLRO~{=}
SCHEMAS

Consider aDLRO~{=} knowledge basé& consisting of the
axion?

R = ($1/2:4).

We can queng for thosez's for which A holds and that have an
R successor, i.e., we definejaery

a(X)=AX),R(X,Y) .

We callg: a query over thechema:. Formally, we define, similar
to [7], aschemaas aDLR O~ =} knowledge base andaueryq
over a schema& as an expression of the form

q(X) = body, (X,Y1,&) V...V body, (X,Ym,Cn), (15)

whereX,Y;, andé; subsume the variables and constants in the ex-
pressionbodyi()?, Y, ¢;). The latter expression is a conjunction
of literals (i.e., atoms and classically negated atoms)revieach
underlying predicate is a concept or role name frBrh We call

the queryn-ary if Xis ann-ary sequence of variables.

54 = Bis shorthand for the axiom4 C B andB C A.

"We do not allow for arbitrary concept expressions or roleresp
sionsC' in a query. However, to obtain the same effect one can
easily addA = C, for a concept (role) namd, to the knowledge
base and use an atom with underlying predicéia the query.

The semantics of an-ary queryq over a schema is given
using an interpretatioft of X:

¢F = {3 e (A" | 3i-3g; € (AT -body, (3, 7:, ) true inZ}

wherek; is the length ofY;. A ground atomA (%) is true in T if
i € AT wheret'? is ' with all constants: replaced by:Z. If cis
presentirt, ¢ is well-defined, otherwise we assufhiés extended
and has defined” € AZ. A negated atorma is true inZ if a is
not true inZ, and a conjunction is true if all conjuncts are true.

We focus on three query problems for schemas: query contain-
ment, consistency, and disjointness, identified in [2] agdrtant
reasoning tasks in the context of databases that have sysati
conceptual schema.

Query Containment.The query containment problem involves
checking, given two querieg andg2, whether, for every database
satisfying a schema, the extension of; is a subset of the exten-
sion of g2. Formally, we say, for a fixed schema thatg; is con-
tained ingz, denoted;; C ¢, iff for all modelsZ of X, ¢F C 2.
We denotey; = ¢z if bothqi C ¢2 andgz C ¢1.

In addition to the above example query, define the query

@(X)=R(X,Y).

By definition of R in X, we have thay; = ¢.. This illustrates
the usefulness of query containment. The knowledge engazae
replace all querieg; by the queryg2 which are likely to be faster
since they have smaller bodies.

Definition 1. Let ¢ be ann-ary query as in (15) over a schema
Y. Then,q is guardedif

e everybody,(X,Y;, ) contains an atom; s.t. vars(a;)
vars(body,(X,Y:,&)),

o 1 < Nupaz, and
o for k; the length ofY;, ki < nmas.

We can reduce query containment for guarded queries oveeasc
to satisfiability checking w.r.t. bound GPs. Foramary queryqg as
in (15) definey(q) as the following rules:

q(X) « body, (X, Y1,¢1)

¥(q) :
q(X) — bodym(X, }7’%7 5m)

wherebody,(X,Y;, &) is the flattened list of atoms and naf-atoms
making up its conjunction, e.g., fody,(X,Y;, &) = a(X) A
—b(X), then we write this aa(X), not b(X). Intuitively, the dis-
junction in the query is taken care of by the different ruléghe
same hea@()?) while conjunction is standard conjunction in the
body of the rule aneh is replaced byot For a schem& and a set
of queries() overX, define the prograny(Q, ) as follows:

P(Q,%) ={¥(q) | € QFUP(T1, ).

The program)(Q, X) is the program obtained from translating the
schemaX as in Theorem 3 and the queri@saccording the above
correspondence for queries.

THEOREM 6. Let X be a schemag; and g guarded queries
overy, andq a new predicate. Theqn C g iff ¢ is unsatisfiable
w.rt. ¥ ({q1,q2}, 2) U {qg(X) «— q1(X), not ¢2(X)}, where the
latter is a bound GP.



PrROOF. For the “only if” direction, take;; C g2, where

—

q1(X) = bodyy (X, Y1, &) V...V body., (X, Yo, )
and
g2 (X) = body?(X, Y2, E2) V...V body? (X,Y2,22) .

By contradiction, takey satisfiable w.r.t.P = ¢ ({¢q1, ¢}, %) U
{q(X) — q1(X),not g2(X)}. Then there is an open answer set
((U,0), M) of P such thay(z) € M, and consequently, by min-
imality of open answer setg; (¥) € M andgz(Z) ¢ M. Again
by minimality of open answer sets, we have that there isard a
7' € UM suchthat\l = body! (7,7, o(¢)). Furthermore, for
all i and for allj2 € U, M £ body (%, 5,2, 0(&2)). Define
T = (A%, D) such thata? = U, AT = {« | A(z) € M} for
concept namesl, R* = {(z1,...,z,) | R(z1,...,2,) € M}
for n-ary role name® ando” = (o), for o € cts(P). One can
show thatZ is a model of% such thatt € ¢7 \ ¢, a contradiction
with g1 £ qo.

For the “if” direction, takey unsatisfiable w.r.tP andZ a model
of ¥ that defines the constantsgnandg.. Assume, by contradic-
tion, there is ar such thatt € qf \ ¢3. Define((U, o), M) such
thatU = A%, o(c) = ¢* for constants inP and

M ={C(z) |z e C* C e clos(T1,)}
U{R(z1,...,zn) | (z1,...,2,) € RT, R € clos(T1,%)}
U{a(@) | 7 € 1\ YU {a1 (D) | € i YU{a(D) | € g3 } -

One can show that(U, o), M) is an open answer set éf with
q(¥) € M, a contradiction with the unsatisfiability qfw.r.t. P.
®(T1,X) is a bound GP by Theorem 2. Moreovef(q:) and
1(q2) are bound GPs as well, singe and ¢g» are guarded. Fi-
nally, ¢(X) «— q1(X), not g2(X) is guarded by;; (X); itis bound
sinceq has the same arity ag andg. and the latter are guarded
queries. [

Query ConsistencyThis involves checking whether, for a given
query, there is a database satisfying the schema, suchhthait
tension of the query predicate is not empty. Formally, a yjyer
over a schem& is consistentf there exists a model of X such
thatq” +# 0.

THEOREM 7. Let3 be a schema and a guarded query over
3. Thengq is consistent iff; is satisfiable w.r.ty({q}, %), where
the latter is a bound GP.

PrROOF Similarly as Theorem 6. []

Query DisjointnessAre two queriesy; andg. disjoint for every
database satisfying the schema? Formaflyis disjoint fromg.
over a schema& iff for all modelsZ of &, ¢f N ¢Z = @. This
can again be checked by a reduction to satisfiability checkimn.t.
bound GPs.

THEOREM 8. Let X be a schemag; and g2 guarded queries
over ¥, andg a new predicate. Theg; is disjoint fromgs, iff ¢
is unsatisfiable w.r.tz)({q1, g2}, %) U {g(X) — q1(X), ¢2(X)},
where the latter is a bound GP.

PROOF. Similarly as Theorem 6. ]

THEOREM 9. Query containment and disjointness for guarded
queries overDLRO~ 1<} schemas are ito-EXPTIME. Query
consistency for guarded queries ovBL RO~ {=} schemas is in
EXPTIME.

6. RELATED WORK

We distinguish between two lines of research involving #e r
onciliation of DLs and logic programming paradigms: therapgh
that tries to simulate DLs reasoning with logic programming
taking a DL knowledge base and reducing it to a program sueth th
both conclude the same regarding satisfiability checkieg,(s.9.,
[15, 1, 22, 28, 4] ) and the approach that unites the stremgjths
DLs and LP by letting them coexist and interact, but withaast r
ducing one formalism to the other per se (see, e.g., [23,.,2856.9
27, 10, 11, 21]). For more details on those lines of reseanch a
their relation to open answer set programming, we refer@ 18,
19].

Note that all the above approaches simulate DLs that onbyvall
for concept expressions and binary roles; we simul@éR O~ {=}
which allows forn-ary roles. In Theorem 3 of [7] the undecid-
able unbounded tiling problem [5] is reduced to query caomteEnt
of queries with inequality over a schema that falls strfttty the
DLRO~{=} language. This leads to the observation that query
containment with queries containing inequality o2 RO~ {=}
schemas is undecidable in general. Theorem 6 shows thaeguer
may contain inequality without inducing undecidability gfiery
containment provided the queries are guardesuardednesss
thus a sufficient condition for decidability of query comtaient,
regardless of the presence of inequality atoms. This seiffisi is
consistent with the non-guardedness of the constructedegue
Theorem 3 of [7].

7. CONCLUSIONSAND DIRECTIONSFOR
FURTHER RESEARCH

We extendedDLR with nominals and reduced satisfiability
checking of DLRO ™=} concept expressions w.rRLRO~{=}
knowledge bases to satisfiability checking w.r.t. boundrded
programs. This yielde@xpPTIME-completeness for both reason-
ing problems. We defined guarded queries and demonstraaéd th
the guardedness is sufficient for decidability of query aomhent,
consistency, and disjointness, again by a reduction todbguarded
programs. DLs are a current standard for reasoning on theneb
there is an increasing interest in extending DLs with rudsdul rea-
soning. The results in this paper present an integratecdapprto
such DLs and rule-based reasoning.

A significant disadvantage of the current bound guarded pro-
grams is its lack of support for number restriction@iRO. One
approach to mend this is looking at possible extensions éodgna
fixed point logic, in particular, can one allow a looser forfrire
equality in guarded fixed point formulas without losing dkdiil-
ity? Such a decidable extension could be used to extend ggiard
programs (as their decidability depends on a translatiguésded
fixed point logic) and, consequently, to simulate numbetries
tions iNDLR.

Finally, it would be interesting to define a semantics fordbm-
bination of DLRO with programs (instead of just queries). We
conjecture that a semantics as in [27], qualifies for a rednicif a

As a consequence of the reductions of those query problems tocombination of @D LR-like language with a logic program to the

satisfiability checking w.r.t. bound GPs we have, by Theodem
that query containment and disjointness are&emEXPTIME and
guery consistency is iBXPTIME.

unified framework of OASP alone.

8]t does not use nominals.
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