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The fixpoint completion of a logic program allows to transform
Gelfond-Lifschitz operators (stable semantics) into simpler

single-step operators (supported model semantics).

We study some corollaries from this observation.
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( Background J

[DK89] Phan M. Dung and Kanchana Kanchanasut, A fixpoint approach to
declarative semantics of logic programs. In: Ewing L. Lusk and Ross A. Overbeek,
Logic Programming, Proceedings of the North American Conference 1989,
NACLP’89, Cleveland, Ohio, MIT Press, 1989, pp. 603-625.

Program transformation P — fix(P).
Complete unfolding through positive body literals.

[Wen02] Matthias Wendt, Unfolding the well-founded semantics, Journal of Electrical
Engineering 53 (12/s), 2002, 56-59.

Shows GLp(1) = Tsx(p) (L) for all interpretations I.
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( The Fixpoint Completion

Quasi-interpretation @: set of clauses of form A «— —Bq,...,B,,.

Program P: set of (ground) clauses of form
A<—A1,...,An,_lBl,...,_le.

TH(Q) set of A« bodyy,...,body,,Bi,...," By,
where A—Aq,...,A,,0B1,..., By, in P
and A; < body, in ( for all 1.

ThTw = lp(Th) = fix(P) quasi-interpretation.
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( Semantic Operators

Tp(I) set of all A
with A« Ly,....,L,in Pand I = Lq,..., L,.

P/I set of all A — Aq,..., A,
WithA<—A1,...,An,_IB1,...,_|Bm in P
and I £ By,...,1 W By,

GLp(I) =1ip(Tp/r).
For all interpretations I:  GLp(I) = Thx(p)({). [Wen02]

In fact even: Up(I) = @y (p)({).
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Iterative Behaviour

P locally hierarchical, i.e. exists level mapping [
with [(A) > [(L;) for all A« L4,...,L, and all 4.

Then Tp contraction (wrt. some generalized metric).
T3 (I) converges to unique supported model of P (for all I).

[ maps to N: T'p contraction with respect to metric.

[ injective: Tp contraction on Cantor set (via isometry).

[Hitzler and Seda, Theoretical Computer Science 2003]
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Iterative Behaviour

P locally stratified, i.e. exists level mapping [
with [(A) > I(A;) and I(A) > I(B;)
forall A«— Ay,... A, B1,...,0B,, and all 7.
Then trivially(!): fix(P) locally hierarchical.

GLp = Thx(p)

GLp contraction (wrt. some generalized metric).

GL%(I) converges to unique stable model of P (for all I).

[ maps to N: GLp contraction with respect to metric.

[ injective: GLp contraction on Cantor set (via isometry).
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[ Negation: Cantor topology

G={G(A): Ae Bp}U{G(mA): Ae Bp}withG(L)={le€lp: 1L}
Subbase of the Cantor topology () on Ip.

Bp countable, then (Ip, ) homeomorphic to the Cantor set C on R.

Batarekh & Subrahmanian 1989 (query topology)
Seda 1995 (atomic topology)

lim T3 (1) is model of P, if existent. [Hitzler & Seda, SumTopo 1997]
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( Connectionist Systems

I'p continuous in Cantor topology,

then T’p uniformly approximable by artificial neural network.

P without local variables, then fix(P) without local variables.
Then Tgy(p)y continuous [Seda 1995]. Hence GLp continuous,

i.e. GLp approximable by artificial neural network.

[Hitzler, Holldobler and Seda, Journal of Applied Logic 2004]

Characterization of continuity of GLp can be found in paper.
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( 3-Layer Feedforward Networks

Y| output layer

h;| hidden layer

Zi| input layer x

x; Inputs; y outputs; w;;, ¢ connection weights

[/ O-function:
Yy = f(:cl, N ,$7~) — Zqub (Zwﬂxz — (9]>
j i
0; thresholds
o threshold function (sigmoidal or gaussian)
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( Self-Similarity

An obseration by Sebastian Bader.

Graph of Tp visualized via embedding into [0, 1] x [0, 1]

using p-adic numbers.
R:Ip—=R:Iw ) .y B~H4) where | : Bp — N injective, B > 2.
Graph shows self-similarity.

(The following pictures were provided by Sebastian Bader.)
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--------------------------------------------------------------------------------------------------

p(0).
p(s(X)) := p(X).
p(X) :- not p(X).

.0 0.1 02 03 04 05 06 07 08 09 1.0

interpretation | (base: 2)

P(s(s(s(s(s(s(s(s(s(s(0)NM)) => 11
p(s(s(s(s(s(s(s(s(s(OMM)) => 10
p(s(s(s(s(s(s(s(s(0MM) => 9
p(s(s(s(s(s(s(s(0)))) => 8
p(s(s(s(s(s(s(0))) => 7
p(s(s(s(s(s(0)))))) => 6
p(s(s(s(s(0)) => 5

p(s(s(s(0)))) => 4

p(s(s(0))) => 3

p(s(0)) => 2

p(0) =>1

(
(
(
(
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p(0).
p(s(X)) := p(X).
p(X) :- not p(X).

055 060 065 070 0.75 080 0.85 0.90 0.9

interpretation | (base: 2)

P(s(s(s(s(s(s(s(s(s(s(0)NM)) => 11
p(s(s(s(s(s(s(s(s(s(OMM)) => 10
p(s(s(s(s(s(s(s(s(0MM) => 9
p(s(s(s(s(s(s(s(0)))) => 8
p(s(s(s(s(s(s(0))) => 7
p(s(s(s(s(s(0)))))) => 6
p(s(s(s(s(0)) => 5

p(s(s(s(0)))) => 4

p(s(s(0))) => 3

p(s(0)) => 2

p(0) =>1

(
(
(
(
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0.775 0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975
interpretation | (base: 2)

p(0).
p(s(X)) := p(X).
p(X) :- not p(X).

P(s(s(s(s(s(s(s(s(s(s(0)NM)) => 11
p(s(s(s(s(s(s(s(s(s(OMM)) => 10
p(s(s(s(s(s(s(s(s(0MM) => 9
p(s(s(s(s(s(s(s(0)))) => 8
p(s(s(s(s(s(s(0))) => 7
p(s(s(s(s(s(0)))))) => 6
p(s(s(s(s(0)) => 5

p(s(s(s(0)))) => 4

p(s(s(0))) => 3

p(s(0)) => 2

p(0) =>1

(
(
(
(
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0.88 0.89 0.90 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99
interpretation | (base: 2)

p(0).
p(s(X)) := p(X).
p(X) :- not p(X).

P(s(s(s(s(s(s(s(s(s(s(0)NM)) => 11
p(s(s(s(s(s(s(s(s(s(OMM)) => 10
p(s(s(s(s(s(s(s(s(0MM) => 9
p(s(s(s(s(s(s(s(0)))) => 8
p(s(s(s(s(s(s(0))) => 7
p(s(s(s(s(s(0)))))) => 6
p(s(s(s(s(0)) => 5

p(s(s(s(0)))) => 4

p(s(s(0))) => 3

p(s(0)) => 2

p(0) =>1
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( Examples of graphs of logic programs

n(0).
n(s(X))«nX).
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e(0).
e(s(X))«mnot e(X).
o(X)«—not e(X).

p(0).
p(s(X))«—p(X).
p(X)«mnot p(X).
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[ (Hyperbolic) Iterated function systems (IFSs)

B BB B B BB

Space H: Compact subsets of R? with Hausdorff metric.
Set Q = {w;} of contraction mappings on RZ.
UQ(A) =, wi(A) contraction on H with unique fixed point

(attractor).
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[ First representation theorem J

P logic program. R : Ip — R p-adic embedding.
(RQ, d, ) = {(w}, w?) }) hyperbolic IFS, attractor A.

Then
graph(R(Tp)) = A
ift
71 (A) = range(R) and
R(Tp) (w}(a)) = w?(a) for all a € graph(R(Tp)) and all i.
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( Second representation theorem

(Bader & Hitzler, Journal of Applied Logic 2004)

P logic program with Lipschitz-continuous R(7Tp).
Then there exists IFS with attractor graph(R(Tp)).

Idea: Set w?(z) = R(Tp)(w; (x)).

Choose w; (x) such that it generates range(R). This is possible with
arbitrarily small contraction, the necessary size of which can be

determined by the Lipschitz constant of R(Tp).
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( Concrete approximation by interpolation J

a € N accuracy. (JAL to appear)

[ injective level mapping (enumeration of Bp).
Interpolation points: (R(I), R(Tp(I)), where I € D ={A | l(A) < a}.

IFS with Q, = {(w},w?)}, where

M) = Lt a
(@) = o + R(Tp) (d) - ELP)O)

Attractors A, are graphs of continuous functions.

(A,)q converges in function space (with sup-metric) to R(1Tp)
if R(Tp) Lipschitz-continuous.
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[ Encoding as radial basis function network
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Conclusions

The fixpoint completion is a stronger technical tool

than previously noted.
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